The authors obtain some new functional inequalities for the Hersch-Pfluger distortion function in the theory of plane quasiconformal mappings, thus solving some recent conjectures.
INTRODUCTION
In 1952, Hersch and Pfluger [10] generalized the classical Schwarz lemma for analytic functions to the class QCK(B) of K-quasiconformal mappings of the unit disk B into itself with the origin fixed, for K > 1. They showed that there is a strictly increasing function qoK" [0, 1] [12, p. for rE(0, 1)and KE (0, oo), OK(0)--qgK(1) =0, where r'= v/1 -r 2 and #(r) is the modulus of the Gr6tzsch ring B\[0, r], 0 < r < 1. We also denote/C' =/C'(r) =/C (r'). These are called the complete elliptic integrals of the first kind [7, 8] . For later reference, we recall that the complete elliptic integrals of the second kind are defined by g g(r)
V/1 r: sin 2 x dx, U e'(r) g(r'), d0 (1.3) r' x/1 r2, 0 _< r _< (cf. [8, p. 
17]).
It is well known that the Hersch-Pfluger function qoK(r) plays a very important role in quasiconformal theory [1, 4, 12, 13, 22, 23] . It has also found applications in other mathematical fields such as number theory. In number theory, with different notation, pK(r) occurs in Ramanujan's work on modular equations and singular values of elliptic integrals [5, 7, 22, 24] . Ramanujan's modular equations provide numerous algebraic identities satisfied by pK(r) (see 3 .2 below for further references).
In recent papers [13, 15, 16, 18, 22] , many new properties and applications were obtained for qoK(r). However, some open problems on this function are still to be settled. Among them, the following two conjectures appear in [22, Conjectures 2.19 ]" (C1) For KE [1, ) and r E (0, 1), th(d(K)arth(rl/K)) < K(r) <_ th(c(K)arth(r'/K)), (1.4) where c(K) max{K, 41-1/K} and d(K) min{K, 41--l/K}. The equalities hold iff K 1 or K= 2.
(C2) For K E [1, o) and r E (0, 1), qo/(r) _> th(2 2-1/K arth(A(r)l/:)), where A(r) r/(1 / r'), r' x/'l r2.
We observe that o/(r) satisfies the conditions qo:(0)= qo:(1)-l(r)-r=limror(r)-1 =0, for rE(0,1), K> 1. The lower and upper bounds in (1.4) also satisfy the same boundary conditions.
On the other hand, some properties of or(r), especially the sharp bounds for / (r), depend on those of the function m(r) + log r, where 2 m(r) =_-(r')lC(r)lC'(r), (1.6) for r E (0, 1). Some properties of the function m(r) appear in [2, 11, 19] . We need still better estimates for m(r) to accomplish our results. The main purpose of this paper is to prove that conjectures (C1) and (C2) are true, and to obtain some new properties for the function m(r) + log r, including sharp lower and upper bounds, from which Sharp bounds for qo:(r) follow. Hence, the explicit upper bound in the quasiconformal Schwarz lemma is further sharpened.
Throughout this paper, we let r' v/1 r 2 whenever r E [0, 1]. We let th denote the hyperbolic tangent function and let arth denote its inverse.
We now state some of our main results.
THEOREM
(1) The function m(r) + log r F(r) x/7(1 r)arthx/7 is strictly increasing from (0, 1) onto (log 4, 2). In particular, (1.7)
(1 r)arthv/ x/7 log 4 < re(r) + log r < 2 (1 r)arthx/ < 2(1 r) 2/3, (1.8) for all r (0, 1). 
qllK(r)(e(r)lr) , (1.10) where a(r) min{2c(x/7), c(r) log 4}, b(r) max{c(r), c(v/)log 4} and c(r) =_ ((r')Zarth r)/r. Then (1) f is strictly decreasing from [1, cxz) onto (1, ca(r)]. In particular, for r E (0, 1) andKE(1,), K(r) < ea(r)(1-1/K)r 1/K < 4(r')4/a(1-1/K)r1/K.
(1.11) (2) g is strictly decreasing from [1, cxz) onto (0, eb(r)]. In particular, for r (0, 1) and K l/K(r) < eb(r)(1-K)r K <_ 4c(x/7)(1-K)rK < 4(1-r)(1-K)r K. (1.12) Remark 1 The proof of Theorem 2 implies some previously known bounds of qoh-(r) such as [11 qor(r) < r exp((1 1/K)m(r)), (1.13) where m(r) is as in (1.6) . This upper bound follows, for instance, from Corollary 1(1) if we set a(r)=m(r)+logr there. The bounds in (1.12) significantly improve the well-known inequality [12] Pl/r(r) <rK, rE(0,1), KE (1,cx).
(1.14) where s qor(r), 0 < r < 1, 0 < K < . (2.9) if(r)=(l+r)(l+r2) (r)=arthr l+r 2' from which the assertions follow.
(4) This follows easily from differentiation.
LEMMA 4 (1) The function f(r) =_ lC(r) + log r' is strictly decreasing from (0, 1) onto (log 4, re/2).
(2) The function g(r)= K.(r)-arth r is decreasing from (0, 1) onto (log 2, rr/2).
(3) The function F(r) [E(r) (rr/2)]/log(1/r') is strictly increasing from (0, 1) onto (rr/4, 1). In particular, for r E (0, 1), (rr/4) log(1/r')+ (rr/2) </C(r) < log(1/r') + (rr/2). (2) follows from (1) . For (3), let G(r) =/(r) rr/2 and h(r) log(1/r'). Then (6) ], the function /C'-ff (e (r')2/C) (r2)(KT' e'). e (r')2/C (2.12) is strictly increasing on (0, 1). Hence, by Lemma 3(4), f'(r) rfl(r) > 7r(r,) 2), (1.3) , and Lemma 5(3). Therefore, G4 has a unique zero r0E(0, 1) such that G4(r) < 0 for r E (0, ro) and G4(r) > 0 for r E (r0, 1). This [1, ) onto [r, #-1(log(I/r))). Proof Since #(s)= #(r:)/K, we get making use of (2. Proof (1) Proof This was proved in [3, Theorem 3.10]. 3 
PROOFS OF MAIN THEOREMS
In this section, we prove the main theorems stated in Section 1.
Proof of Theorem
For part (1) , put x-2x/7/(1 4.r). x------7-Put x', and let Fs(t) Fa(t' ). Then (t') 2artht 2
t(t')2F(t) 4'(t)[(t) (t')2KT(t)] + 7r
which is negative for all (0, 1), by Lemma 5(4). Hence F4 is strictly increasing on (0, 1), and so is F by Lemma 1.
The limiting values and the first two inequalities in (1.8) are clear, while the third inequality in (1.8) follows from Lemma 3(1).
For part (2) , let Gl(r) r[m(r) / log r]/(r') 2 and GE(r) arth r. Then GI(0+) G2(0)= 0 and, by (2. (3.10)
The second inequality in (3.8) follows from (3.9).
Remark 2 Corollary 5 improves the well-known lower bounds of or) and Ol/r) [9, Lemma] :
qOlc(r) > r I/I and qOl/K(r) > 41-rK, (3.11) for r E (0, 1) and K E (1, cxz).
Proof of Theorem 3 For r (0, 1) and K 1, c), set s s(K) /(r/). (th(dl(K)arth r))/ < qol/r(r) < (th(c (K)arth r)) K, (3.20) where An affirmative answer to this problem would provide another proof of Theorem 3(3).
